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A relatively simple method is given for finding the flow
condataons an the proxamity of blade rows when the variation in whirl or
tangential wvelocity is kmown. The radial variations in axial velocity
that would be attained in radial equilabrium are first estimated using
the radial equllibrium equations and then modified to allow for the
interference effect of the adjacent blade rews on the axial velocity
distribution between the blade rows.

The second part of the paper gives some solutions to the radial
equilibrium eguations for a useful general variation an wharl velocity.
This variation gives constant radial work rotors and includes the free
vortex and constant reaction designs as particular solutions.

The combination of these results gives a design method which
should be useful an the design of axial compressors.

Notation
Cu Tangential or whirl wvelceity
Cx Axial volocaty
U Peripheral velocity
AW Rotor Work
A E}-Ei—r-fl-lf 2 1 - 'Reaction!
2U

x Distance from actuator disc (always positive)
l Blade height
r Non-dimensional radius referred to the mid-radius
a Am Up

AW
b ——

2Up,
P Total pressure
P Statioc pressure

P Density
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A Blade length to axial width, aspect ratio

Subscripts

o Condations far ahead ~f the entry guide vanes

1 Conditions far downstream of entry guide vanes and far

upstream of the rotor rows

5 Conditions far downstream of the rotor rows and far
upstream of the stator rows

00 Condations ahead of entry guide vanes

01 Condiiions between entry guide vanes and the rotor row
o3 Conditions between the rotor rows and the stator rows
il Conditions at mid-radaius

E, R and S Refer to walues of x measured from entry guide vane,

rotor and stator actuator disce respectively.

Introduction

It has been shown in Refs. 1 and 2 that radial equilibrmum
is not set up close to blade rows and that a more accurate estimate of
the conditions can be obtained ly using an Actuator Disc Theory. It
appears from the literature on the aubject (Refs. 3y 4 and 5) that the
numerical sclutions in particular cases using the Actuator Disc Theory
are time consuring. However, for design purposes the problem may be
sumplified so that 1ittle more is required once the radial equilibrium
solutions have been obtained.

Part T

Actuator Disc Theory

In general, radial equilibrium is not =set up close to a Dblade
row in an axial turbo-machine and Ref. 3 shows that at an actuator diso
replacing the blads row (i.e., where the discontinuity in vhirl or
tangential velocity i1s said to occur), the axial velocity is approximately
the arithmetic mean of the upstream and domstream values at infinity and
that radial equilibrium conditions are aprproached exponentially on each
gide of the dimo.

The axial velocity at a distance x from an isclated actuator
disc in incompressible flow, is,

Cxg = Cxy
Cx = Ox, + (--—3 ----- \e"kx/?‘ upstream of the dise
2/
and
Cxﬁ - Cx1
Cx = Ox, - ( ————————— )e'kx/]' dovmstream of the disc
2

where/



where:—

Cx.» Cx. = axial velocitiss at infinity upstream and downstresm of the
disc (i.es, the "radial equilabrium" solutions corresponding
to the whirl velocity distribution)

l = blade height

constant, a function of the hub/tip ratio (k 5 =).

K
I

The conditaons near several actuator discs are obtained by
superposition of the effects of the radial flow field from each disoc.
Thus for the simplest case of a mingle stage canpressor of three rows,
the axaal velocity distrbutions are:-

Between Entry Guide Vanes (E.G.V.) and the Rotor Row

Gx - Gx G - G
Gx°1 = Cxi + (._3_..._......1.'..) (e'm/l - e"?UCS/I) - (..ici___ic?. "KXE/I
2 2
'Yy (13-)

Detween the Rotor Row and the Stator Row

ze bt Cxi C fad C

_ - 1 -Txa/1 X1 Lo\ —m/1

Cxoy = Ox, - (-.._..;__-..> (e TR/l =G ) - (____.2._...,.. 5/
aee (23-)

For tho more complicated case of a compressor of more than ome stage it
can be shown that:-~

Between Stator Rows {or E.G.V.8.) and Rotor Rows

r

st - Cxi>

cxm - Cxi + (—u—" wwwww

- (z RS R 1)

'L upstrean
_! e
+ (Zeﬂwl - Ze-m%ﬂ') l -(c—fi---f-g> BMJ':J‘:F"'/I aes (1b)

downgtream 2

Between Rotor Rows and Stator Rows

Cxa - Gxi) I—(Z a"TDQR/I _ ZG"MS/I )

RS 2 2 !. upstream

N T ze-’%/l)i - (fi‘&..'.'f.’.@)e-wl e (20)

downstrean 2

—

These expressions for the multi-stage compressor can be simplified if it
is assumed that the aspeot ratioc and blade height are the same for all
stages, This assumption is reasonable since the series converges rapidly.

Then,/



Then: -

C -0 C -
Cxqg = Cx, +< -}-cf-g--}fi)(ﬁue"ﬂxs/l + ﬁde'mRﬂ)- (-J-c-l----—- ) o~ E/1
*rh e (10)

and

n

Cx =-C Cy =~C
Cxpg Cx, = (.fi----fi) (ﬁue""xR/l +p de"’“d’*) - (_.}_c".__.._]f.?. ) e""xE/I

2 2
N (20)
where £, is a function of the aspect ratin and the mumber of blade rows

(except E.G.V. row) upstream of the point cmsidered and Baq in the same
function of the number of downstream blade rows. £ 1s plotted in Fig. 1

where
8 = ( m/hyrt
\ 1
fer n blade rows, upstream or dovnstream. lime f = =———e—m— /-
N+ oo (1 + " /8

In the middle stage of a multi-stage compressor the E.G.V.
interference is negligible and Py = Fg = ﬁoo. Then: -

Cxgz = Ox, * ( .__.“_..E....._.f. > B, <e—7°x5/1 + a—m/l) eee {1d)
and,
Cx, - Cx o/l nxg/l
CXRS = Gx2 - (-—3-.2-.-—-—&> ﬁoo<a + 8 XS/ ) eae (zd)

where g corresponds to an infinite number of blade rows.
OG

In the above expressions i% has been assumed that Oy, and
Cx, are the same for all blade rows, which might be inaccurates In
cases where the conditions are varvmg through a compresstr expression

faLY __a £\ Y, WP SR YT SR ~ 2aanTardnd Han dlam
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rows upstream or doxmstream) 87 that it is quite reasonable to assume
that # = 1, 1.8., that tvo adjacent actuator discs need only be
considered, £ falls rapidly at aspect ratios exceeding thais value and
all the rows should be allowed for.

Pogition of the Actuator Diso

Experimental data at present avarlable suggest that the
actuator darscs should be placed at the centre of pressure of the blade
row, il.e., at approximately 1/3 chord from ihe leading edge at design
conditions. It should be noted that 1n the above equations x, the
distance from the point considered to the actuator disc, is alrays
positive.

Fart 11

The equations in Part I of this note apply to the solution of
the flow in a turbo machine for any general wvardation in whirl veloeity
and the corresponding "radial equilibraum" snlutions for axial velocity
distrbutions. In Part IT a particular variation of whirl velocity is
cansidersd and the "radial equilibrium" solution is obiained. Such
solutions may then be used in Equations (1) and (2) to give the axial
velocities between the rows, and the air angle dastribution.

Whirl Veloesity Vardation

If 2t 1s assumed that the rotor work ig to be constant radially,

&N = U (c112 - Cu,,) = (Constant eee(3)
i.e!’
A 1 AW
Cu= = Gu:L + - = Cul + - <"“" ) loo(;-l-)
U r \Uy

The reaction of the stage is also of interest and a symbol

A T eeceecae - D et —— 7 1 = Reoaction -00(5)

may be defined where N would be exactly equal to (1 - Reacticn) if
the axial velocity across the blade row at any radius were unchanged.
Then eliminating fram (4) ané (5) the following expressions are
obtained:~

o

Gy, = AU = o e 6)

2rUp,

AW

[
=
i

2xUp, where/

AUy, + e u--(?)
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where A is a function of radina,

Ir
A = hmrn
then
A
—-— = rn—1 -..(8)
Am
and
Ay = (Apln)r® = ar® (say) ees(9)
also
1 AW b
_(_--> = - (say) veo(10)
r 2Um r

giving the following expressions for whirl wvelocity:~

b
= Ll [ N ] 11
Cu, ar® (11)
r
b
Cua = ar® 4+ - eee(12)
r
aw
where a = My and b = ===,
Uy,
The variation in N 1s governed by the index n. From
equation (8) A is constant when n = 1 giving approximately !constant
reaction' twist, and ‘free vortex' twist occurs whem n = «1. Another

interesting blade twist is obtained when n = 0 and has been termed
toxponentialt! blading in Ref, 7, and results in approximately constant
inlet angle to the stator row.

Radial Equilibrium Solutions for Use in Equations (1) and (2)

The rmdial equilabrium equation ~

1 dp Gu2

n dr r

can/



can be written as

1 4dp Cu2 acy, acy
- s = mww Cu —— Cx -
p dr T dar dr

which gives the following differential equation when the total pressure
“ 18 constant acrosg the annulus:i«

Cu" dCy aCy
——— + Oy === + Cg === = 0
T dr dr

The solution when C, = ar®™ i b/r is

2

e Lm0 ()
a [ 1
TR,

Table I gives details of the ‘expcnential' and 'constant reaction' blade
twists. An example 18 given in the Appendix where the radial equilibraum
solution for a 'oonstant reaction' design has been used in conjunction
with the actuator disec equationg to cbtain the axial wvelocities and seir
angles for a particular stage design. The results of these calculations
are given in Figs, 2 and 3. The functions ¢y and ¢, which are useful
in design, are plotted in Fig. 4.

TN
Q) 2
£ ¥
S
n

it

Comment s

The largest differences betwsen the design air angles obtained
from radial equilibraium theory and actuator disc theories ocour at the
outside radius and may amount to about a degree in the case of the
texponential' twist, but are larger for 'constant reaction' twist. In
the example given in Appendix I the change in axaal velccity acrnss the
rotor is appreociable, giving rise to large interference effects, and the
axial velocity distrmbutions given by the actuator disc equatinons differ
congiderably from the radial equilibrium values except ahead of the first
stage rotors (Fig. 1). There may be a considerable gradient of work with
radius for stages of closely spaced blade rows designed using the radial
equilibrium theory. -

From the equations for Oy, and Cyx, given in Teble 1, the
difference between the axial welocities is greatest when (apvroximately)

3&13(1.:;_’:)

|
is greatest (for the 'exponential' designs)

and

1&13 loggr; is greatest (for the 'constant reaction? designs)

radius
ieaey, when ApAW is large and T = =eesem—cse- is maximum or minimum,
mean radius Thus/
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Thus the interference effects are likely to be most important
an a stage of low hub/tip ratio and gh stage-temperature rise
(neglecting reaction). With conventional blade loadings however, a low
hub/tip ratio stage has a low temperature rise and a high hub/tip ratio
stage has a high temperature rise so that interforence effects are
largely independent of hub/tip ratio. ’

The expression for wharl velocity and axial welocity for an
incanpressible flow turbine are similar to those for a campiressor,
Using compressor notation, i.e., that whirl velocity is positive in the
direction of rotation, the whirl and axial welocity variations for radial
equilibrium theory before a turbine rotor currespond to those after
the rotor for a campressor and vice versa, i.e., for a turbine
Cy, = ar® +Db/r and Oy, = ax® =Db/r.,

The actuator disc equations are unaltered sothat the
interference effects for a turbine are generally much larger than for
a compressor because of the larger work per stage and for most practical
cases would be a maximmm for a 'constant reaction! impulse turbine.
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Appendix T

Example

To find the axial velocity distribution and air angles for a
campressor stage of closely spaced blades having the following design
details,

AT = 13°C Mid-radius reaction = 60%
Tip speed = 1000 ft/sec A= 0.

Blade aspeot ratio 1/c = 3.5  Average axial velocity = 525 ft/seo
Hub/tip ratio = O.h Blade twist = Constant reaction

Assuming hub/tip is constant through the stage and also the
aversge axial welocity is that at mid radius.

Radial Equilibrium Solution

From Table 1

2

(cxi )

Gy,

(Gxﬂ 5
Gl‘fm2

]

1 -2 ((.}i-)a P(rﬂ -1) -2 (E) logg rJ veo(a)
%, a

It

_.(r@ -1) +2 (E) loge r] .eo(b)

a

ot
H
N
N
2 1
& p e
]
~—

Where
a = Aplp = 280
and
Av BIC AT 10,820 x 13
D = wme = ccdiam 2 eeeeveeema= = 100
20, 20 2 x 700
then

u

a 3 280 b 2 x 100
2 <-___> -2 (-_.-> 0.57 and 2 (-) S e = 0,715
525 a, 280

Radius/
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Radius root mid ta1p

r 0357 1 cO 1 ol]3
(e) (r® = 1) ~0.675 - 1.04
loge r "0-56 - 00358
(&) 2 (b/a) logg r ~0.40 - 0.256
Difference (c)-(a) -0.275 - 0.784
Cx,
( Za ) from (a) 1,075 1.0 0.745
mei
(———-—) from (b) 1.270 1.0 0.5
meg
O, 56k 525 392
Cx, 666 525 268
Cy. = C
. _ici._—-—fs 19.5 0 "'66 -5
2
Cx =2¢C
Ta % 51,0 0 ~62.0
2

Actuator Disc Effects

Using equations (tc), (2¢), (1d) and (2d) fram Appendix I as
the aspect ratic is greater than 2,0,

The actuator discs are assumed to be situated at 1/3 chord
from leading edge. Then neglecting the effect of stagger:-

b'd x o 0.33 _
- from leading edge = = X = = wews = (0,095 e 040957 = 0,7h
A a 1 5.5
X 0-66 .
- from trailing edge = —---- = 0,19 . e-—O.‘i . 0.55
1 345
First Stage of Multistage Ccmz;x'vessor
Between E.G.V.s and Rotors (Equation (1¢))
(4) Cx, 564 525 392

By = 0; Bg = 0.71 from Fig. &

(8)/
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Oy, = C
®) o ( -’-‘5--_.’.5&) Y, P s
2
©) (Eﬁ.‘i_:fi‘f) /1 y _ .
2
CJ%.«.. = (4) + (B) - (C) 580 525 393

Between Rotors and Stators (Bquation (20))

(D) Cx 666 525 268

2

B, = 1.0; Bg = 0.71; then ﬁbe-“xR/l + ﬁaﬂxS/l = 0.550 + 0,525

Oy = C
(E) 1.075 ( -’f”né---f-?) 55 - -67
Cx =C
(¥) ( Xa o \ o/ 1 6 - -20
2
Cxyy = (D) - () - (¥) 605 525 355

Middle Steges of Multistage Compresgsor

Between Stators and Rotors (Eguation (1d))

(@) Cx, 56 525 '392
£ = 0.7 therefore 0.71 (ewl + eﬂE/I) = 0e71 x 1429
= 0092
C - G
(#5)  0.92 (-’f—"----f-f‘> L7 - 57
2
Cxey, = (6) + (H) 611 525 335

SR
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Between Rotors and Stators (Equation (2d))

(1) Cx, 666 525 268
(3)  0.92 (Eff-:-(-}fi> 7. - 57
2
Cxpg = (I) = (7) 619 525 325
cxm/cxml 1.105 1.0 0.75
cxoa/cxmg 1.15 140 0.676
CXm/OXm 1.165 1.0 0.64
chS/cxm 1.180 1.0 0.62
Alr Angles
First Stage
ar 160 280 400
b/ 175 100 70
Cy, = ar -Db/fr -15 180 330
Cu, = ar +b/r 335 380 470
Cxon 580 525 393
U/Cxu 0.690 1.336 2,540
tan a, = Cui/cxu ~0,025 0.343  0.840
tan o, = U/chi - tan ag 0.715 0.993 1,700
Ox | j 605:; 525 355
U/Cxoat ‘ 0.661 1.336 2,820
ton o = Oy [, 0.554 0.72h 14325

tan ag/
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tan o, = U/cxo2 - tan a, 0.107 0.612 1499
% -1 ol 19.0 40.0
a, 3546 448 5946
a, 61 3.5 5643
aa 29.0 3549 5340

The air angles are shown graphically in Pige 2. It should be noted that
ag 13 greater than a, at the outside radius if a radial equilibrium
solutions is assumed,
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Fig.2. Axial Velocity Distributions for the Example.
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Fig.3. Ar Angles for the Example
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