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This paper comvlctes a series dealing with the determination
ef the boundary-laver dcrag ef bicouvex wing sectlions at supersonic
speeds with zero hoat transfer for a range ol thickness-chord retio
(up 4o 0¢1), mainstrcan vach number (up to 5:0), Leynolds number
(10° ~ 1¢f ) and transition posiltion. Previous results have been
extended and improved by allowiag [or the intersction of boundary layer
and external stream, insolar as the resuliing changes in the external
pressure distriivtion nodily the skin friction dis trivution 2Fig. 1).
Calculations have also bcen made of the eflect of incidence (up to 100)
on the boundary-laycr drag of a flat rlate. The discussion includes
an analysis in physical terms of tho effccts on skin friction and
bound.ry~layor pressure drag distributions of the main paraneters
1nvescigated and in narticolar of the changes thet accompany increase

in Mach nunber. these chaages are shown to be rcadily rclated to the

chenges in local free scrcam .cch nuuber distribution and thc associlated
N o 4 - 1 - - ] 2\

changes in loeal [rec streau Gensity x velocity” (pid ). Tables 1-L

. £os
present the detailed rcsulls and Figs. 9 and 27 summparisc the erfects
a0 thickness-chord ratlio snae iacidcnce orn voundary-luyer drag.

X distance ncasurcd alon. the surflace

3 dictance measured parallel to the chord
v dustanece neasurcd norunal to the surlace
Vg ordinate of wing section

p densicy

v cocflicieny of viscosily
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expment in the viscosity~tenperature relation
(fece, paT)
velocity component in x  directien
cocfincient of heat conduction
coefficient of specific heat at constant pressure

cocfiicient of specific heal at constant voluie

. = \ \
4cm/k (IUrandtl number)
lach number

Reynolds number
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skin Jriction coefficicnt, ZTW/bo
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change in uressure cocfiicient duc to the boundary layer
ving thicimess

wing chord

wing incidonce

ifriccional stress

change in pressure from that in inviseid flow due %o
rrcsence of the boundary layer

bouncary-layer nressure drag coefficient, excluding
contrioution due to discontinuity in 8% at the

transition point

contribution te boundary-layer pressurc drag coefficicnt
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C first stage value of CF calculated on basis of

inviscid flow pressurc dlstribution

CF second stage value of (., calculated on basis of
o €2
inviscid flew pressure distribution corrected for
presence of boundary laycr

b0y Cp - Oy

oy

Cr- boundary-laycr drag cocefficient = O + ACD o

+3

Unless otherwise speeificd suffiz 1 roferc to quantities
mcasurcd at the r edge or the boundary laycr (Local frce stream),
suffixz w  to quontities ot the surface, suifix a to qhu“b‘ulps at
the lewding cdge just af't of e lending-cGge shock (if any), suifiz O
to quantitics in the uwndicturbed strcan, sulfix W to the transition
point, suffix 4 to the laminar boundary layor, suffixz t  to the
turtulcnt bouadary laycr.

o
< 0
ct

v

It should bu noted that in the Azpendix sulfix O generally
denotes quantitics obtoincd in the first slage calculation (l.(., Zero
pressure gradicni). For concistency with the wain text, however, the
overall skin {riction coulficicnts Tor 1irst and scocond stages remaln,
as shown above C. and G,

2 .l.:‘ :E\
1 2

Other sywbols arce defined in the text,
1 Introduction

This paper complctics a scrics arising out of a programmc of

worl:, the objeet of which hos been the deternmination of the bourdary-layer

drag of biconvex wings at supcrsonic speeds with zero heat transfor,
Previous popers reloevant oo wais topie are listed as Refs. 1-5.

k]

The tornm oounuurW~1aypr dragt is here usod instead of 'profilc
Grog' as dn the proevious papcers, in conif'ormity it the definitions of
drag component s listed in ef, 6. It denotes the drog arising dlrccvly
fron tnc viscosity of the medium and is e sum o The skin friction
drag and the boundary-layer nrocsurce drag. Thwe latter ( TbVlOLuly

referred to s Tlozn "rag’) 1s here dvllncd as the change in th: weve

/

drwb, rclative to thot in Ilnviscid fliow, duc to the cifcetive modification

of the wing or boly shape ccusce by the boundary layer.  The total éra
is then the cum of toc inviscid {lov wave drag and the boundary-laycer
drag.

pors the method of' caleculation adopted was

In tue nrevio )
5 were presented ol ibs application to

s
deseribed®s2 and the resuld

&

biconvex wing scetions at zero incidence and with zoro heat transfor for

. - . . B
the lfollowing values of the uain variablesbsD;-

Thicimess chord ratio (t/c) 0, 0-05, O«

Kech rwiccer (i7,) 1eh, 2°F, 50

Reynolds number (Ro ) 18, 107, 10°

Transiticn wosgitirns () Q, Cede, 0°3c, O*he, 1°0c.
T

) B4 Ty T e T JoN — 5
The vaiue of the DUremitl wwbor (o) oe asouncd to vo 0072, ond it vas
also assumcd thei the reintion between viscosity () end absolube

temperaturce (T) wae of the form 1 = comst MW, wherce the crvonont

¥
A

- T- - ~a TS A, ~r~ . e 1 )
wao tolien as /Y. 1acse volues ¢ O e W were enocen o8 reprcescentative
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of air for a wide range of conditions of practical interest, but it may
be noted that the wethod of calculation atopted would permit of other
values of ¢ and ® being chosen il required.

The results so far presented have been determined by what
might be termed first stage caiculations, i.c., the skin friction drag
calculated was that apvpropriate to the inviscid {low pressure
distribution in each casc. The interaction of boundary layer and
external low becomes more profound, however, with increase of lMach
number, and a few check caloulations in the more extrome cascs of high
Kach number and low Reynolds number indicated that the effect of this
interaction on ckin friction érag could not always be left out of
accouit,. Accordingly, a selectid numbor of key s-cond stage calculations
have been nade in which in each case the sxzin Triction drag was
recaleulated using the pressure distribution detoraincd by adding to the
initiol invaiscid flow distribution the orcssure increments associated
with the boundary-laycr displaccment thiclkness distribution given by the
first stage calculation. Dy addition oan a-proxinate theorctical treatment
of this second stoge correction te the slin friction drag for the flat
plate has boen developcd and this is Acseribed in to.e Anpendix. Viith
the forrmulac resulting from the latter as a gulce it has been readily
possible to expand thie results of 4ihc sccond stage calcalations to cover
all thc cascs considcred. The Iinel results in the form of tables and
figures, togother with o discussion of some of the more interesting
tronds demonstrated, arce prescuted in Scetions 3.1 and 3.2.

Since incidence was likely to prove a varicble of some
significance, a coaprchensive ceries of Tirst stage calculations as well
as a few sccond stage calculations have also becn made for the flat
plate at incidences of 5° and 10°, covering the ranges of lLach number,
Reynolds number ond transition position given sbove. These rosults
are prescented and discusscd in Scetions Lo1 and k.2,

2+ Summary of Liain Formulac Involved

The main dotails of the analysis underlying the mothod of
caleulation have been weseribed in Ref. 2 and further voints of detail
have been elavoraved in Ref and 5. For the saic of casc of
reference, however, the main formuluae are reproduccd herc.

o
.

247 _1:Ja;‘.1inu,r‘ 13«_:[0]?

The monentus thickness of the houncary layor, G, when the
leyer is laminar irs given at any station - by

LH—La fap s ] 1

2 A% 5= 4
T T e(8)
v bt 3
Iui)JO

where x 15 the distance measurcd along the surfacc from the lcading
edge, p2 and w  arc local values of the éensity and velocity,
respectively, just outside the Louadary layer, £ and g arc functions
of a rcfercnce lMach number I toea at the leading cdge just af't of the

leading-cdge shock (i any) £ and

o]
og]
e
o
e
e
o

/ . w
T {=1) -
T e D - o
L, = P PR S = [ adalel i oan ;"r"i l,!
A% z ) O | .
o - - H

B, 1is the viscosity corrcsnonding to the leading=cdge roference

b 3 "~ o ~ A K — 4o - . - < . K . )
conditions, and y 18 the ratic of the specific heats which is taen
as 140 Tor oir.

The/
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The skin friction coefficicnt, o, = 2rw/pad;, where T

is the local intensity of skin friction, is given by

(a+12)  w ¢
R o om e - ... (3)
L jR °f u 6
a a

where A = R Q m—— 0 e & e 0 —Wj>, ...(4)

¢ is the wing chord, used as a rcference lengtn, R = em—m—— )

i.c., the Rcynolds number based on conditions at the leading edge and
aft of the lcading-cdge shock (if any), and by, = value of @ at the
surface and is given by '

. ( (y=1) T g N . \)0)
L I P e == () ) een(5)
B L ~ & L Ufi _‘i )

Froun the standard formulac relating guantities on either side
of a plane shock wave, gquantitics arc finally referrcd to reference
conditions in the wndisturbed strean (sulfiz 0) shead of the wing,
eege, the skin friction cosfficicuy is

N 2
c,. = s I/PoLb.
Yv‘

&%, of the boundary layer is

The displaccment thickness,
obtained from O by means of the Tormul:
S*
- - - 2
— = I = 2459 (1 + o277 ). eoo(6)
6 a a

2.2 Turbulent layer

Ay O 1s assumcd to be continuous at

As in dncompressible flo
ntua thiclmess at any station xy  when

the transition point. The momer
the layer is turvulent is glven by

n/(n-1) -~ (3% 5 dx - N
[ofely | e | B ¢ e e o T/l T
. _ Ji n -1 c . *
n Xy, r~opx n dx dx
o e .o p1/(m=1) / 6(x) - exp - ] T(x) * mmmmm e e o
n -1 4 ~J T n-1 C i C

where suffix T rcfers to the transition point, and

(—x_ui c
Fx) = === == {(1+2) - 121, v e (8)
Ux W
4/ (n=1)
o g Un . P I o 7]‘"\ _'2°5u . 4
G(x) = (—— . ..:‘) ) 5 e \§n/(n
Uy, v/ L L log Ro + (2ww) log .
e (9)
<3""‘)l) oo -t
2

Appropriate/
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Appropriate to the range of Reynolds number considered

n = 6 g
{ . e o(10)

C O ¢ 00878 -

The relation between H; and i is taken to be the same as for the
boundary layer on a flat plate at zero incidence with a one-ninth power
velocity profile (see, for examplc, Pig. 3 of Ref. 2).

The skin friction distridbution is determined from the
distribution of 6 by the formula

1 n
2TW / V. & \ (1—1—-27 / {)i ui \ - |‘~ lOg Ro - ‘2 058_\,1,1_1
Of = —'-"-'r—‘ = 2C ———— " " _——:' M g JC:L _'——"""""‘—""""I-"_—-‘—— i }
fo Us N vy / \ 06 - L log Re + (2w)% _ J
\
(11

Again, the displacement thickncss is related to the momentum thickness by

©
i3

= O ¢ H W (2)

2«5 Boundary-layer prossuve Grag

On the asswiption that the ellect of the boundary layer on the
external pressurc distribution is suall, it can he shown (see Rcf. 2)
that it is equivalent to a chanze ef surface slope ab*/de, and if the
flow cutside the boundary laycr is regarded as a siuple wave flow this
yields to the first order a change in local pressurc

R o
Ap == ———————— 0 em—— oo‘(15
. n -
(:-1)z dx

Bquation (13) can be integrated to give the boundary-layer nressure drag
sub ject to ccrtain limitations. We may note thet for My very close

to unity thic equation becomes invalid and the complcte simple wave
relation betwecen p and Iy must then be uscd to take account of the
change of M with 4p. For tho range of 1, covered by these
calculations, however, the equation is gonerslly applicable.  Further
in the region of the leading cdge, as x tends 1o zero the value of
ad*/dx given by equation (12) tends to infinity, and hence equation (13)
ceases to apply there as in fact Go the Laslec assumptions of classical
voundary layer. The procedure that has been adopted here is to assunc
equation (13) is applicable for valucs of x/c wbeyond 004 (ihe reasons
for this are given in Refs. 4 and 5). Tor x < O°Okec, Ap was assuned
to vary linearly with x with the same slopc as at 0°Olc. This
assumption was thought to be somewhat morc acceptable than that made
earlicr (sce Refc. Lk and 5) when 4p was assumed to be constant Cor

O« x < 00kc. It may be noted that a lincar variation of Ap with x
is consistent with a gquadratic vardation of boundary-layer thickness
with x%. There arc at present theories of the laminar bowndary layer
in the region of thce leading edge of a Jlat plate at high hach nunmbers
which attenpt to talkc scme account of tle t th
d
1

»
i,
cilTeet of the shocl there
powcr law varzations of
i8]

(e.ge, scc Refs. 7 and 8) and these yicl
boundary-layer thiclness with x ol a h oncint than the

classical xZ law.®  lonc of tucre tlhoo can be rogardod as completely
acceptable but it would scem in tne 1igsht of them that the above
assumption is not grossly ot variance with theorciically predicted trends

e

o
ch

nor,/
“Kuo® for example qug}ps a rate of growth of boundary-laycr thickness
proportional to ®¥/%,
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nor, in any casc, is it likely to lead to significant errors as far as
lie resulting drag estimates are concerncd.
A contribution %o the pressurc dreg coefficient is also provided
by +he discontinuity in 6% at the transilion point, due to the change

in H there, and this is given for cach surface by

(2} -
2{31 74 d.yr‘
[

AC. = ke 8 N v ()
DpT poug éx c JME -1

where y_ 1s the ordinate of the surfacc measured relative tc the
undisturbed stream dircotion and the rlus sign refers to the upper
surface whilst the minus sisn refers to the lower surface, OéT and O

[« X%
+3

are the values of &% at the transition point for the turbulent and
laninar boundary layers, respectively.
3.  Results and Discussion for Biecwvew Mings at Zero Iaciaence

3.1 Resulis

As alrealy reoorsed Hle sccond stuge calculatiors were rade in
cnly a selectcG nrmber of cal

2o, 80 as to keep the time and elfort
involved 1o o mirnimum. These casces were os follows:-
Mens ;
% o Fo Transitiiza;ositions
0 1.5, 2¢5 4P, 1P 0, ic :
0 5 100 0, C*1c, Ovc, O 5c, 1c |
J 5 197 0 5
0 5 des 0, 1c
0-05 5 1P 0, O-l¢c, 03¢, O<5c, 1c .
0- 18 145, 2°5 1¢° 0 f
5 10 0, O¢1c, O¢32c, O-5c, 1o

An analysis ol the difference in each case between the overall skin

friction drag values given by the first and second stage calculations as
a ratio of the valuc given by the first stoge calculation (ACF/CF )
i

showed that the form of its variation with Mach number was scnsibly
independent of Reynolds number, transition position and thiciness-chord
ratio. The anproximate aralysis fer the casc of the flat plate at
zero incidence described in the Appendix supports this conclusion as
far as the effects of Reynolds number and transition position are
concerned., The effcet ol Reynolds nuber on ACP/CT is clecarly a

~1
function of transition position, howevcr, but transpired to be independert
in form of thiclmess-chord ratio, a2 agoin convlstency was fwund between
the results oy the nwicrical caleulations a. ¢ the trends predicted by
the approxiuvate theory given in the fopendir, The remaining effect
of thicimcss-chord iebio is also, aot surpris.ngly, a function of
transition position, Le a result of the wuclysis, thercfore, it was
Finally found possible to cxpress the ratio £5./C.,  in tho lorm

BCo/Cy /



. i /SCT +t . , X.T
AUF/’CFi = k(o) »e{ ==, -} -2 K -=, Ro > cea(15)

c

where iT denotes the fransition position aft of the nose measured

parallcl te the chord line. The functions k, & and m arc shown
in Fig. 1.

From ecquation (15) and Fig. 1 the sorrcction 4e Cp  to glve
the sccond stage overall skin friction value was determincd f;r all the
cascs considered and Table 1% lists the valucs of CBZ’ ACF and CFn
whilst the values of CEb Tor the flat plate and the two biconvex wings
are shown plotted in Figs. 2, 3 and 4.

The boundary-layer pressure drag coefficients, AC. , for the

Dp
two biconvex wings arec similarly given in Table 2 and Figs. 5 and 6,
whilst the final boundary-layer drag coefficients (CDB = CF + ACDp)
2

arc given in Table 3 ancd Figs. 7 and 8. A crossplot of some of the main

9]
results illustratang the variation of Cry and CDB with thickness—chord
2y

ratio for Ro = 10° and 10° is given in Fig. 9.

Because of their intrinsic interest and their value in
illustrating some cf the peints in th: discussion that follows specimen
chordwisc distributions arc also presented of pressure incrcment
(Figs. 10, 11 and 12), skin friction (Figs. 13, 14 and 15), skin friction
increment (Figs. 16, 17 and 18), Mach number (Figs. 19, 205, kinetic
pressure ratio, piLﬁ/@gxﬁ (Figs. 21, 22), and momentum thiciness (Fig. 23).

342 Discussion

It has alrecady been noted in Refs. 4 and 5 when discyssing the
firest stage results that therc is a nwrked deervasc in the overall
effcet of rcarward mevement cof transiilon on sikin Trictlon and total
boundary-layer drag with incrcase of Mach rumber, incrcasc of wing
thickness and decrease of Reynolds number. This is still very evident
in the second stege rosults (sce vigs. 2, 3, 4, 7 and 8), although the
effeect of the corrcetion for displacement thickness has boon te

incrcase slightly the effcct of transition shift, as is otherwise

clecar from the shape ef the curves G(ET/E, t/c) of Pig. 1. Thus, in

the easc of the {lat plate at Ro = 1F the beundary-layer drag is
rcduced by about 65 percent at Mo = 15 with a shift of transition
from the lecading edge to the trailing edge, the corresponding rcduction
at Mo = 5°3 is about 52 pereent (TFig. 2), whilst for the 10 percent
thick wing thcse reductions arc about 49 percont and 38 percent
respeetively (Fig. 8).

Various factors contribute to thils result as well as to the

5
peculiaritics of shape of the curve of CDp against transition position
fer the biconvex wings at M = 50, Tirst and forcroct is the fact

that the basic flat plate skin friction in the turbulent boundary layer
deercases much more rapidly with Mach nwmber than does the skin friction
in the laminar boundary lsycr (sec Fig. 2, Ref. 1 and Fig. 2, Ref. 2).
This factor is also illustrated in Fig. 12,  The cifcet of section
thickness 1s manirest in three w . irstly, 1t introduccs o ncgative
s.cus and thic temdos to inercase the skin

pressurc gradicnt ever both surit

avs

S
X
>

Triction/

o e I R T I R B — e

* . - . . ) .
A FPew miner c¢rrors that avpearcd in the original tables off C in
b 4 Fi
Refs, &4 and 5 have been here corrceted.
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friction but much more markedly when the boundary layer is laminar
(through the term . of eguation (3)) than when it is turbulent

(cf., Figs. 13, 14 and 15). Secondly, it resulte in a local streanm

Mach number which is lower than the mainstreon lioch number at the front
and highcr over the rcar of the sccticn (Figs. 19 and 20). This

results in an increase in the skin Jriction over the front and a Cocrcasc
over the rear, as comparcd with the flat plate case, particularly when
the boundary layer is turbulent. Tuis effect is stronrlv augmented by
the fact that associated with a local Mach numbcr dist rLbuLLon that
increases from front to rcar we may expcct the product piui to decrease
provided the Mach number is everywhere greater than 'fQ’ (sce Tigs. 21 and 22).
This Pollews from ths fact thot in iscntropic flow piui  reaches a

roxinmun vhon M o= V2, and we find that
2 N 2
d , paui - 2 - b )
e | e \ I e S - 'o.<ﬂ6>
s, \ ol /4 .. - =1 -
! by =l ; / 2|
L 1 + === 13
- Z -

The right-hand side of cquation (16) is vlottecd in Fig. 24, and v sec
i

thet botween e = 2¢5 and Mo = 5°0 it is very ncarly constant

and cqual to =08, approximatcly.  The skin friction is almost dircctly
proportional to piti 50 thac agnin we may cxpect a greator part of

the skin friction with a leminar or turbulcent boundary layer to be

contributed from the [{ront of thc hlug and o smaller part from the rcar
with inercasc of Mach number and thickness-chord ratic (cf., Tigs. 13, 14
and 15).  As against this we note that on a wing secvion the Reynolds
number based on locel frec stream velocity and liinchctic viscosity i
somewhat higher neor the nosc than in the undisturbed streom and this
will tond to recducc the friction particularly when the boundary laycer
is laminar. Finnlly, we nay remark that although the laminar boundary
loyer has smaller velucs of the momentum thickness over most of o wing
surface than docs the turbulent boundery layor, this is not ncecessarily
so very ncar the nosc ot the lowest Reymolds numbers considercd, whilst
the valuc of H  for the laminor layer is generally larger than for the
turbulent laycr. In OOQSPquunce the displaccment thickness and its
rete of growth ncar the nosc can, ab these Reynolds numbers, be greaoer
when the boundary layer is la qlnar then when it is turbulent. Thus
we find in these cascs (sce Figs. 10, 11 and.42) that the eassociated
pressure increments arc greater ncar the nose for the lominar boundary
laycr than for the turbulcat boundary loyer ond hence a rearword
movenent of transition nceor the nosc cao n rcoulu in an increasc of thc
pressure drags We may olso notc that the elfects af the discontinualy
of dluplwc“mcnt thickness at transition tbnau in general to reduce
slightly the cffccts of rearward movemcnt of transition on boundary-loycr
drag (sce Toble 2).

Yhe net result of these various factors is that in the extrome

casc of lo = 50 and DR = 1F o rcarward movenent of transition
from the nosc of the biconvex wings has at {irst littlc cffect on the
boundcry~laycr drag becousc of the relatively high skin friction with the

boundary laycr laminar very closc to the nosc, toc effeet then becomes
morce markced as the transition trowerses the lorward region of high

ey . N L
turbulent bouwndary-laycer friction and then b“OOM“S less marked os the
transition moves over the rear half of the wing where both the overall

drag contribution and thc diffcerence between laminar and turbulent
skin friction arc soacll.

We comc now to consider in morc detail the nagnitude and
character of the sccond utﬂfo corrcetion. As will L\ c

Fige 1 (or Teble 1), in the extreme casc considercd of Ro = 1
aqd e = 5 O tals correction to overall scz friction drag is about
T for o flat ate with o fully turbulunt boundary layer, whilst for the

5/



10

5 and 10 percent thick wings it is about 11} percent and 1L percen
respectively. With the boundary layzr [uily laminar the corresponding
alqeo Tor the correction in the three cases arc about 6 pﬂﬂccn

4% percent and A percent, rosp60u1v>ly, that the erfcet of ;CCLlCB
thickness on the ratio AJF, 7, is TCVLroCd as the transition position

moves back from the leading edge to the trailing edgc. The correction
appears to vary almost as 15; with a fully turbulent boundary laycr
it varies with Reynolds number anprox*ﬂatcjj as Ro/®, with the

o . . -2 /2
boundary layer laminar the varisztion with Roynolds number is as ! / s
and intermediate ncgative powers of Ro  appiy for intermediate position

of transition.

It will be appreciated that the incrcasc in sliin friection
associated with the sccond stage corrcction is due mainly to the fact
that the positave prcssurb increment induced bj the beundary layoer

implies & reduction of local Mach number cveriwhere und for llach mumbers
. 2
greater than about 1e4 this results in an inereas. of pL  ard
therefore o, (sce Figs. 21 and 22). It will be noted that tne
A

2

pressurc increments and the corrcsvonding changes in i and Cp
i

N

145G
increase mal &Ldly towards the rear with wing thickness (sce Figs. 10,
11, 12, 21 and 22). A study off Fig. 23 will QVPOASllatC that these
effecets are intimately bound up witl the rapid incrcase of 3 and
d0/dx over the sectlon rcar with wing thicknoes, and this In turn can
be ascribed to the momentum defect in the boundary layar being ek ~eod
over a greater thickness beeausc of the low local value of  pyuf .
Further the high locel lach number, ¥, dmplics a2 lorge value of H
and therefore of &%, Since the turbulent Toundory lﬂypr 15 generally
much thicker than the laminar beundery loyer thesc cffccts are to that
extent nore marked when the boundary layer is turbulent t1 wm when it is
laminar,

Finolly, referring to Fig, 9, it will be scen that up 4o a
thickness-chord ratio of C-05 the cffect 5¢ this ratio on sitin [riction
drag is small with the boundary leyer fully turbulent but its effcct is
quite significant with the boundary larer laminar, However, the offect
of the thickncss-chord ratio on the boundary-laycr drag is somevhat
nore marked in all coces,

Lo  Reosults and Discussion for Flat Platec at Incidence

Lo Rosults

The first stage caleulations for tne flat plate at incidence
covercd the fellowing cascs:=

L. 3 R ican _
; : © ° Transition Positions (XT)‘
-5 145, 2¢5, 5.0 1%, 107, 1P 0, Oie, 03¢, O°5¢, ic
© 100 1+5, 25, 50 100, 1P -0, O°1c, O°3c, O5c, 1c

i . Sccond stage calculations were, howeve r, uade only for the
fellowing cascs:-

o o , - Lican
Transition Positions (%)

- .

5¢ ' 50 10° G, C*5e, 1 )

;100 500 | 16 0, 0+5¢c, 1c

1

The/
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The resulting values of the ralio ACF/CF for these cases
were found to be as follows:— *

Mean Transiti c
a Iea;oé;iizzu¢on A F/tﬁh
5 0 63
Ce5e 6 3%
: 1o 7° %o j
10° 0 5 7%
0+ 5¢ 574
1e 6o 8%

These values are within aboutv 1 percent of the corresponding
values prcdicted from I'ig. 1 for a flat plate al zero incidence.  Thus,
in spite of the very significant diflerences in the drag characteristics
ol the two surfaces of a plate at incidence (to be discussed ia more
detail later) the overall magnitude of the sscond stage correction ratio
in these cases is much the same as for a plate at zero incidence.

These cases involve the largest valucs of the sccond stage correction
Tor the ranges of the main variables considered and also the targest
differences between the frictional characteristics of the upper and
lower surifaces. It seems reasonable, therefore, to assume that in all
cases the overall sccond stage correction ratio can be reliably taken to
be the same as for a Tlat plate at zcro incidence as glven by Fig. T
This assumption was thecefore applied in general to deternine the valucs
of CFq from the calculated values of G, .

To illustraic the separate contributions of the two surlaccs
valucs of CEL arc shown in Tig. 25 for both surfaccs for Ro = 10°

y)

3 . k] . . -
end 10° and the two incidences considereds. In Fig. 26 the overall
second stage skin frictlon coefficient, CF , is shown as a iunction

e
of incidence for X,/c = 0, 0°5, and 1°0, MW = 1°5, 2:5 and 50,
and Ro = 1F. Similarly in Fig. 27, the overall boundary-layer
drag coefficient, CD%’ ic showm as a function of incidence for
£
= 10°, and it is likewise prescnted in Fig. 280 for R = 107 .
he results arc also given in Table 4 which presents the values of

F, ACF, C., » ACDP and CDB'

L.2 Discussion

C:hagﬂ

.
a

2

Considering first Fig. 25 we sce that in almost all cases the
skin friction drag of the lower surface is grecater than that of the
upper surface, and the difference betwcen the skkin friction drags of the
two surfaces incrcases with incidence, i‘ach number and with forward
movenent of the transition position.  Thus, in the cxtreme casc of
¢ = 10°, ¥ = 50, and with transition at thc lcading edge the
skin friction drag of the upper surfacc is only about 22 percent of that
of the lower swrfocc. Further, we notc that thore is a tendency for the
reduction off frictional drag with Mach musber, characteristic of the
flat platce at zoro incldence, to be reversed for the lower surface of the
plate at incidence.

e, v
Thesc/
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These results can be rcadily explained by essentially the
same arguments as those of Section 3.2, as & ere are clearly cloc
parallels betwecen the effects of thiclkncss and the effects of incidence.
For the flat plate at incidence the eflecctive Laon runber of the {low
past the lower surface is less than that of the undisturbed stream,
whilst that of the flew past the upper surface is greater then that of
the undisturbed streamn. This is dllustrated in Pig. 29 viere tae
effective lach number Ma for each surface is shown as a function of

incidence for the three values of 1L, considered. By itself this
change in effective ilach nunber would account for a small incrcase of
frictional drag of the lower surface and a swall decrease of that of the
upper surface, and such effccts would be more uarked with z Tully
turbulent boundary layer then a fully laminar boundary layer. However,
as in tho casc of thickness effects, the largest chanres in drag with
incidence result from the accompanying changes in V1u1, and ¥ig. 20
shows the ratio ¢ u*/boub plotted as a function of 1pCLdencc for both

surfaccs of the flat plaue and the Mach nunbors considered. It will be
noted how rapidly this ratio increases Lor tic lower suriace and decreasecs
for the upper suriace with increcase of lMach nuuber (provided it is

greater then about 1+4) and incidence Thus in the cxtreuwe case of

o = 50, and a = 10°, the ratio pau;/%ouﬁ for the upper surface

is barely one Tifth cf that for the lewer surflace. The only other
factor of significance is the effective Reynolds nunber Ra’ which is

increased on the lower surface and decreased on the uppcr surface, as

snown in Fig. 31.  This has the effceet of reducing sonovwhat the lower
surlace fr10t¢onal drag and increcasing that of the upper surlacc, and

this effect is relatively grcater with a boundary layer that is larcely
laminar than with one that is largely turbulent.

B

Consider now the overall sccond stage skin friction drag

coefficient, CF s and its variation with 1ncidenoe, @, as illustrated
o
in Fig., 26. We sec that for ib = 1¢5 C, falls somevhat with
40
incidence, at Mo = 2°5 it changes only sligptly with incidence, but
at Mo = b0 it increasecs signifioantlj with incidence particularly
with far forward transition positions. Thus, with RT/b = 0,
Mo = 5-0, CF increases by about 5 percent as a increases {rom O°
to 5°, whilst for a change in « fLrom 0° to 10° the corresponding
increase in CP is about 20 percent.  With iT/o = 1°0, on the
other hand, therc is very little change in Co with a for a Iess
than about 8°. If we now consider thec total boundary-laycr drag
cocfficient, CD* = CF + Ach’ as illustrated in Fig. 27 for R = 1C°
o 2
and Fig. 28 for Ry = 1(?, it will be clear that the boundary-layer
pressurc drag contribution is generally inportant, as is otherwise
apparent from Iable 4. Its cffect is to causc an increasc of CDB with

incidence in all cases, and thi

5 increasc is particularly marked witn far
forvard transition positions and

[

</

i
at thc higher Hach numbers. Ve sec
0

that with Xy/c = 0, ko = 50 and R = 10°, Cyp increases by
about 10 percent as « increases from 0° to 5°, and it increaces by
about LO percent for a change in « from O° to 10°. Tic corresponding
percentage increasss with Re = 107 are slightly larger but of the
same order, Hovever, we {ind that wita iT/c = 10 therc is little
significanl change in CDB with incidencc for « less thaan about 5°.

It can be infcrrcd therefore, that in gcnurﬂl Jor a wing scctlon
significant boundary-laycr drag changes with ineidence will ocour at
Mach numbers of the order of 5"0 and incidence changes cof the order of

50/
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5° unless the boundary layers are largely laminar. It is anticipated
that the wata presented in Pigs. 27 and 28 and Table L can be used as a
quantitative as well as a qualitative guide for wing sections.

5. Conclusions

The main object of thls work has been the production of

couprehensive data on the Doundary—lajer dras of wing sections for
supersonic speeds up to a ilach number of 5+0 that can provide a basis
for the estimation of boundary-layer drag in all cases where the
application of tWO“le@ﬁulonml sectional characteristics is valid.
Lvart from the Limitation of *he zero heat-transfer condition it is
bolieved that +this objoeet has now been achicved. A scparate
investigation is currently in progress on the eficct of heat transfer.

Tt has been shown +tuat Tor Mach nunbers of the order of 2¢5 or
higher, the scconcary el'fects on boundary-layer drag of the changes in
pressure distritution producced by the boundary layer are not negligible
and must be taxken into account The resulting correction to the
overall skin {rictlon drag for the blOOﬂJOK wing scctions considered 1s
presented in Jig, 1. “hp main eflect is an increase in skin {riction
due to tne incrcase in piuz associated with the reduction of local
free strean llach nomber causcd by the boundary layer.

More generally the aualysis has demonstrated the important
effects on chordwise skin friction distribution of the local free
strean nach nuwber distribulion and b%c assoclated distribution of piui.
In the 1light of these factors the main calculated elfects of wing
thickness and Incidence with incruaa*Ab mcinstrean lach numbers on the
skin frioticn distribution, the bouw.dary-laycr pressure drag and the
overall boundary-leyzr drag can be rcadily exmlalned Notable points
of interest arc the reduction in the effecis of snift of transiticn
pog¢t10n with increasc of Mach number, particularly at low Reynolds
number, and the increasc ol the drag of the lower surface relative to
thet of the upper surface with incrcase of sdach number for a wing at
incidence.,

Tor thicxmess-chord ratios less than about 0-05 the effect
0. thickness on skin friction drag is very small with the boundary layer
Tully turbulent, bub its eflcet is more significant if the beundary layer
is Tully laminar, Howcver, the effect of thickness-chord ratio on
boundary-_aycr Crag 1o genoxaily morc marked in all cascs (Fig. 9).

The boundary-layer dreg of a flat plate at 5° incidence is
significantly @: ~gher than at 0° incidence at the highest lach number
covsidored and with extunsive turbulent bourndary layers, but with a

u’ly laminar bouwscary layer or a much lowcr lach number the effect of
ncidence is small (Figs. 27 ond 28). Tnis result can Le expected to
~ply more generally to wing sccetions.

AFPPTINDTL/
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APPENDIX T

[eoSgpar Ryt

Approximate Analysis of the Second Stage Correction to the
Skin Friction Coefficient for a Flat Flate at Zero Incidence

]

We will in general denote quantities obtained in the first
stage celculation, i.e., zero pressure gradient, by suffix O, and
increments of quantities betwcen the first and second stages will be
denoted by the prefix A, For consistency with the main text, however,
we will continue to denote the overall skin friction cocefficients {or

the [irst and second swages by  C..  and C, « Thus for the lauinar
Ly Ho
bowndary layer we have from equation (1)
60 z // X ~Ll_
- = —...-—-..—T . (\ - ) 3 “ee (J‘L-/] )
C (P\o fo )_2_ N C
and at transition
0 2 .
rrxo B Xr_,\x \ . ~
—— - —.-“——T:I- © —— ‘ o LI 2 (11.{_)
o (Bo fo j2 o /
For the turbuient boundary layer (see equation (7))
~
g
8o - 6 " /:»;-xT\ /61‘\§-53
— = - 0 Ra® o ho A ) +\ kel ) l
c — 5 \ c / c /
. N
where 1 g
= 5.
Uy, vo e - log To =2
ko = G(x) u~°-~> B e oo J
W v, lo= Ry + (2+w) log t

and the overall skin friction coefficient up co station x iz, for each
surface,

1 X 200
Cogy = = | Cp v BX = mem. oee(Adl)
Cwo o
x
Fer the second wtage we have a pressure incrcment, for - = 0°0L,
c
ol ag* po &%
Ap = mmmm mme = mme s I e eea(Aa5
B odx B dx
.-1.,
where B = (%°%-1)2,

But, since Ap is assumed small, frow Bernoulli's equation

w

Ap = = pow ° Au, vwhere Au o= w - W,

A s = i IS ¢

and tiherelore menm e T e et e eoo(A.6)
o U 2o X
duy, o 7 3o
TN T AR R veo(807)
ax Bo ax®

b
‘..J
tn
O
~
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A p Pr = fo Au H d%o
Also el L = - 1\’73 ———m = M:z, —— e, PR (A-S)
{0 Po Uo o dx

No generality is lost by taking ¢ (the chord length), wo
and po as quantities of unit magnitude, and length, velocities and
densities respectively, will be measured in terms of them, the analysis
will therefore now be continued in terms of such non-dimensional
quantitics. Iiocrements between the first and second stage values of
guantities will in all cascs be assumed to be smell and squares,
products and higher order terms in thc increments will be neglected.

The nmomentun equation is

P ulopd T
T i T I3
CARS 01 (Ti+2) == + == | = =—se = of/z 01 4,
. o
L g [ - P Vi

where dashes denote differentiation with respect to x, and this can be
written

T
e 4 d o 2 &t
-~y = - [piui - ] - D1 g O - loge Ug ==
2 dx dx

But for the laminar boundary layer E is taken as constant and equal to
o, whilst for the turbulent boundary layer, and to the first order,

vy can be put equal Lo v = 1 in the last term and so we have
¢ a
£ I3 42
—- ui - - [‘01_1,11 ° e]o nno(A.9)
2 dx
2 - ’
Bul prue 00 = 0l + by + (o+2)bul + 46 -

. ...(1’&.10)
= 00[1 + (o+2-i8 )pw] + 00, !

3

i H - Hye2
and -t R {_Pi U-1+ - 8]
2 by
d@o dllg_
= e (14 (Ho+2-18 )ou] + 6o (Io+2-8 ) ——- ..(&.11)
dx dx
a
+ == (08).
ax
Hence, using (A.6) and (A.7), for x > 0°0k
- [ }J:O d@o -
o2 . l B n |
(31u1+ 0 = 0O L 1 oo e (04213 ) === |+ AD, ...(A.12)
Bo dx .J
C., . c. .
and L. o= S ufg
2 g
o & F, ¢ 7 3% 2 & 6o -
= e b == (08) = = (o #2-i8) | [ - ) 4 G0 —mm- J
WS dxe o i\ ax dx”

ceo(£13)
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With the assumption that thne pressure increment 4Ap  is linear with x
for x < 0:04k, we have for those values of x

Ho . s d@o N / dg 60 AN -,
bp = =] -——) + (x=00) (--m= ) voo(hat)
o L \ dx Coe04 \ C‘«Xz )0.04_.J
and hence
I‘I;) = / dOo /. d.2 60 \ 3
Au = { = > + (x-O'OL}-) 1 - ———— \, gn LY (A015)
B L\ ax /o.04 \ /o .04

We now rcquire to evaluate AD. For the laninar boundary
layer (equation (1)) we have

or, to the first order,

L e .
6 = —mee (1 + 28Au - ghu) / (1 + (g=1-38 )auldx. .(4.16)
R fo o

But from (A.6) and (4.15), if x > 0-0L

X N rL ) d%e -
/’ (1 + (g~1-8)au] « ax = | | 1 = em o e (=108 ) | ax
o] 10004 i Do dx -
004 i o .
. / |- (e (e8) | e,
o] — Eo -
where .
ad, & 6, d* 0o
a = ’/ [ > — O"O)_l. ( ~—-:\— \\ » [3 = ;\/ """'-: ) Y s e s (!&017)
\ dx Ao.oa N dx® Jo.oa N dx® boeog
This yields aftcr somc algebra, vith the aid of (A.1)
x B (g-1-18) o
/ (1 + (g~1=if)2nldx = X = == =mee——- -+ [2x® - 0-15],
0 X (P y To )2

and hence (A.16) becomes

- 200 - A - B (e-18) o N
63 Lﬂ T ' = == [1 + (28 -g)au] L b r (2x% - 0-15) J
B — Ro 1o B (Rolo)Z -
[ ZHO - 0'15 ,
= 03] 1 = —emmmmee i;g—Z——-—r-(g—1-—M§)'}.
BoRo £ 0o x? —]
o 0:15 o=
Thas N ‘ (g=2) - 5= (8-1—;>E)‘[ oo (La18)
"5 he .0 L 2
d 0075 o o\
me (L0) = = mmmmmmmmmeee o (2 oo (4.19)
& w0 (B Lo )37

But/
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But from (A1) -__‘) + 68 + -=== = O.
dx ax”
and hence from (A.13)
Ch . a0 a Cp a/ax(A0) 7
B R 0¥ T B EpU J .
c dx  dx 2 L d6o fdx -

Specimen values for Ho, g and Bo' substituted in (A4.19) shov that at
d 1000

the most, when x = 004, == (£0)] === is about €01 and is generally

dx iodx '

very much lcss, so that we can deduce Tor che laninar bouadary iayeor and

x > 004

o

Cn L33 Cﬁ
N uno _ Lo
— 1 ~ w2
2 2
- T abs -
4 I A ! (13 ) '))
and hence c, = C, [ L een(AgZ0
i fo N dx
- .

Similarly, we £ind that for x < 0-0L

" %
L_ 1+ == a{1-¥8) + torms in ax, fz, etc., |,
By J

0° = 08

so that we can write

- PR o
o (l-l\/n) VR RN

AD = e e .‘..m..> ,

2B Twfo Q- Ol
AD 5 ek
or —— = - _u__-~—7. -oQ(A121>
% L(Ro £ )7

We shall not make direct use of this result, but we note that Tor
X < 004, it leaas %o

0

conost Go

i
—

and hence Co lize ¢, must be proportional to x <, Thereforc

004
/, cadx = 008 (cf)
o]

° .-.(A-ZZ

- o-oaiﬂ op ( (E—

from (A.20). TFurther, from (A.20),

2
/"XT [ XT I He dB —
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T = [C,, ] 4 ———— log, | L

¥ 0.04 1o "0-0 . s ; /’
4 o Ro fo \ O Ch

=3

or [c

when suffix { denotes the laminar boundary layer. But from (4.22)
and (4.1)

o
10°04 . 004 bHo
[ CF@ Jo = [ ()E@O 0 tooTmees *
BoRoTo
Hence, we have finally
C = (., 4 === | 2 + log — (£.23)
F ,t“‘a@ 50 ] LI N .
6 o .L;oP.o i¥e) L_ © (\ O‘OZ;. /~'
Here GE& denotes the contribution to C,{1 due to the skin friction in
the laminar layer. TFor a fully laminar bounlary layer Xy = 1+0, and
Cv'o = L4/(Rofo )"
and thereflore
C}To 1%
T BRI [105e25 + 2]
Ce 2Bo (Ro fo )%
° a s e (J.ALQ 21{—->
2+61 13
= 1 + e T
Bo (Ro o )2
. : 7 R \ . . :
le see that for this case (4C, Co ) =, ==-= =1 3 varies with lach
ey \ ¢ /

A -
nurber as H3 /B f° and it varies with Reynolds number as Ro<. A
comparison c¢f the results given by equation (A.2)) and those given by
the full calculations for Ro = 10 dis as follows:-

b

or fully laminar boundary laycr

A

Val £ {(AC./C
alues o LA F/ Fi)&
Mo 145 25 5.0

As glven by full 0+003 0-010  0-053
calculations

As given by ) Crn .y
equation (A.24) 0:-013 0-018 0-069

Bearing in mind that the gquoted result as given by the full
calculations represents the swall diffcrence between two relatively large
guantities, and that the numerical accuracy with which either quantity
is calculated is unlikely to be better than * half a percent, the
agreement can be regarded as satislactory. The tull calculations were

not made for the fully laminar boundary layer and o = 107, but the
result for 10° and I = 1°5 and 50 shoed & regligible difference

between the firstv and sccond stages for bvoth kach numbers which can be
compared with the corresponding results predicted by eguation (A.2l), vize,
0001 and 0-007 respectively.

Further,/
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Further, from the point of vicw of producing a set of curves
such as those of Fig. 1 for predicting the correciion to the [irst stage
calculation, an important conclusion from equation (A.24) is the fact
that tlhe Mach number and Reynolds nunber effects can be considered
separately.,

We come now to consider the turbulent boundary layer.
Couations (4.6) to (4£.10) apply, but we now have to evaluate 08 from
the relation (equation (7)

n
- ==y T [ X1 n ‘ =
iL 8" L J exp ° / P(x) © - e dx = O !
X T n-1 ]
.1
n e R SN opx n -
= === (Do j G{xz) ° exp - L/ P(x) + === ¢ dx |- dx.
n~1l T T n-1 .
uf b & 0o
But Flx) = - [(H+2) -18] = - — (o +2-18) + ===
W Do ax?

and hence we can write to the crder of accuracy required

- rX n T n Ho . - d@o ”‘(X
expi’./ Fx) « =-— * dx = 1 e omem = (o o+ 2 = W) —
T n-1 - r=1 By - O e

n-1
7 Ug -
Sinilarly G(x) = { ——\ * ho,
N Vi /
and this reduces to
I I'Io d@o - )
G(x) = ho L 14— o= [ =B (ltoy-w)] . oo (A.26)
Bo (n-1) ax J

With the aid of (A.25) and (4.26) the above ecquation for 6 = finally
yields

—— et e n - ———
en-—l = e%;/l (1 +a ]+ - * CRo n=1 ho (% - XT>(1 + 0z ), where
n-1
n - Ho(2-g) B -0-075(g-1-12) B — 0
Og = e mmemm——mmeen e -5= + == (Ho+2-M3>L e ] }
n-1 (2B (Bofoxy)?  To(Rofo )¥ x, B ax
and
n . 7 a8y o (OQ'OO ,-.1) .
% = T (Fo+2-28 ) { -=- j e e [ = 18 (oy~0pn(Ho +2-18 ) ]
n-1 B Noodm v T (a—-'i) (e xm)
oo (ha27)

)
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From (A.27) it follows thot

n
X o o 1.
B <aﬂz>< Sy, e a(8.29)
60 n L_ 60 / __J

and (4.12) eventually yields

o )
Fl n-1
- - n-1 0, N
Piuf“+26 = B { (R @+ (o0~ ) i/ R I ?
n l__ \ Vo ) o

3 e \ 1~ 2 Y]
where R (1 -~ 18 wwy-w) - n(iv+2-18) ]

a .(A.29>

The analysis now procecds somewhat differently freom that atdovted for the
laminar layer.

From equation (4.9)

;1 C c 40
| £ o, 2 :
| -t Uy AX = 04 Wq. < 0
JK ~ oo ]
T s L —_
X

and hence the contribution to G from the turbulent layer is

100
"4 00 — - -7
e - I T7+ﬂ 1 } ~ N
CF = / Cp dx = 2 {Aiuil “ a0 | o, ..o (A.30)
t X, L. ]
ik b
.
where u;  is some mean value of 1w .
Frem (£.29) and (4.30) we obtain finally
n
4 n-1
H q o /%, N /
CF_-U‘L = 2800 L 1T 4 e oz + (C’Ci"(‘.g)~ .._,.) ( - 2C)T \1+a4>
& n L \e . J °
Co =140
.O.(A.-.;/I)
where
. To(2-g) 0:075 % (g-1-18) Ko BNPCCNEEY
Uy = | memm—————— T e e - - (Ho+2"3‘f5)< _—
L 2B (Rofox)? B (Rt )2 x, Bo Sy

and Oco is the value o' 05 at the trailing edye (vhere x = ¢ = 1:0).
o
oy . Kl . 0 . - »
The cuantity wu, will irn general clange relatively little
between the tragsition peint and the trailing cdpe, it is thercfore
. H . ) : .
proposed that wug can be taken as the arithmetic mean between the value
of w et transition acd at the trailing cdge, le€a,

ta
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H G 1§
U ?fL (W), + (), J <o (8232)

il

Iy [ dOO / dfo
= 1 - -—— { ! - ) + \ R—— > L]
2% LN & /) [ibed _J
“T .0
Hence from (A.31)
B
n e, 2T
Cpy = 20 { 1 4 - } o + (ag~=og ) | »-w) J
1
i - OOO - L:JI'O
Ilg i / (10(; (LO(. l =~
B (L)
2By Lo\ dx N\ dx 4 -]
T
13 o 8o ~
- 20, 1+a~,+—-~L(~-—\\+/~———> J(.
pi e /o \oax /., )
X
eo(2.33)
We note that C..y = 20 - 20,
Lw Co
and hence "
n-1
(1) - oy "
CFt - CE‘TO = 2600 i\ “““““ i a + (o -0y ) -—= ) j
n L 0p, / -
co x=1-0
ug - a0 / d8o N
==y (2]
2o Lo\ / N\ ax /., )
T
’ s HE o GO0 N\ / dfo )
- 20, {w e “-.) + | ,._._) ] I
" oo L\ ax /N oax
T .
ce(AMDY)
For a fully turbulent boundary laycr this equation yields
- n=-1 HE ~ / df / dbo D
C~.7‘_ - C‘?.‘ = 20 {‘ —— Oy 4 me— [ == + ——— 5}
T © L n 2o L\ ax/ N\ ax 4.
r o~ HS - , d0o , &0
= ’2600 L ——— g b mee ( --~-> - 0°0L , """2"2
n 2o L. 4% 4,04 \ 04
/ d@o \ {}
+ .
\ ax Z»u J
or
C.. (-1 D, do s & 0o / 6o i
i o= ] 4 mermmmees e (3 -'-'-1 < ot e \ - O“O}J,.( ——-;2 + '\ - )
Cl}‘ta n 250 L. dX 4 w0y N\ dx w04 ax 1 .o

PR (1’&.35)
and/
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and from (A.29)

Ho
= e SI [1 =1 (1+wy-w) = n (Ho+2-8)]. eee(Ad36)
B (n~1)
Putting n = 6, w = 089, y = 14, 6 = const R /®.n3/¢ /¢,
d% 5 6o & 8o 5 6o
=-= = = == and --== = = -= -, ywe get
dx 6 x dx* 36 x°
Cps Ho
—me= = 1 = B [T =136 18 -~ 6 (He+2-18 )]
c 6By °©
Fto
g o~ 5 5 5 7
o= L= oy T Boe0g + —mmm—m—m— ° 60»04-“
o5, L % ¢ o0y 36 - 0-04
H
= 1+ -0 [07751§ - 0-582 K, - 1-833]
B °
0
+ == 6o.0q4 ° 12¢13. e (A037)
I3
With € = 0:00878, (A.3) gives for the fully turbulent boundary layer
& = 0°04L50 Kot/®. ng’®
Co . ...(A.38)
and 8 04 = 0400308 Rpt/¢. n§/°
If we disregard the small variation of hy with Ry (see Fig. 2, Ref. 2)
7 Cp ‘
then we see that K L 1 ) takes the form RS“G times a function of
C
Flo

liach number. The following table compares the results given by
equation (A.37) and the full calculations for

Values of (/ACF/CFi )f.f,%l, fully turbulent boundary layer

Mo Ro Value given by (A.37) Value given by full

; calculations
% 5.0 “106 | (;063 ; 0-069
i 50 107 0+ 036 0-0L2
50 (O 0020 0-027 ,
25 AT 0-012 0-016
g 4e5 1CF 0-0C2 0-003 :
| 145 10P o 6005 o o002 }
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Asain bearing in mind the limitatiors to the possible accuracy of the full
calculations, we see that the agrcement is in general good.

A plot of these valucs for Ro = 10°  as fractions of the

. (o e -
corresponding values of \ QCEMQ%, ) at W = 5 are shown in Fig. 32
B

.t /
against Mo  and sinilarly are shovm the values of \ ACF/CF for a
. 4

2
o

fully lawinar boundary layer likewise reduced in terms of the value of

ACF/CFA \ at b = 5°0. Tor comparison the curve of k(o) from

Fig. 1 is also shovm and it will be seen that with the exception ef the
value of the fully laninar boundary layer at o = 15 given by (A.24)
the run of the points is reasonably well described by the curve. It
will be apprecicted that this method of plotting considerably nmagniflies
the effocts of omall errors in the caleulations, whilst the final results

for CF at the lower Mach numbers sre rclatively inscnsitive to quite

lavge fractional changes in the value of the function k  there since the
correction is in any case small. Tt will ve recallcd that the method

of calculation adopted in the Tull calculations as well as the method of
this Appendix will both beeome invalid as Mo = 1-0, is approached

from gbove as is made evident by the factor (M8 - 4)% in the denominator
of equation (13). In consequonce both methods will yield points in

Fig. 32 which with decreasing Mach nuuber rcach a minimum, somewhere a

little above Mo = 1°0 and then incrcase rapidiy to infinity as
M. = 1-0 1is approached. However, it is clear that both mothods

must be discounted when the estimated pressure increment can no longer

ve regaracd as a smell oquantity. The form of the curve k(lb) in Fig. 1
for Mo less than 1<5 was therefore determined on the plausible
assumpiion that it would in fact continue to decrease with decreasing
Mach numbers Having firced tic curve k(ib ) and knowing the effecet of
Reynelos nuwber on the value of AGF/GE1 for thnc fully laminar and fully
turbulent Lomdary laycrs there was no difficulty in the light of the
values calculated for the cascs considered to determine the curves
6(Em/b, t/c) and m(iT/b, Ro ) sbowm in I'lg. 1.
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Iable 3

Calculated Bouadary-Layer Drag Coefficients x 10°

1P

107
1P

18
107

1P
107
10°

10°
107
10°

C

DB

31+0
530
36+0

7745
49+0
BYAN

enmatc s

C

o

+ AC

Do

Biconvex Wings
I W MR BeE AL R A SCES

1
N

670
1.;.0°1
253

59-2
324k

19-2

L6+9
183

33+€
119

e T

72°2
1{..0‘0
2Ll

t/c = 0:10

Mo = 2°5 My = 5°0
Cz ‘5
132 652
L7 36°3
300 217
675 Olo Ly
399 30-7
25-2 A7 2
571 554
291, 2244
168 10 L
49-°9 51l
213 181
14-0 7°2
L3-2 L6-2
136 1422

3

Leb

Table L4/
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Table L

Flat Plate at Incidence

Table of Values of 10¢¢ CFi’ 1U*ACF, 1040‘2, 10“ACDP, 1040DB

For (a) a =5°, (b) a = 10°

@ =2
Mo | %/c : 1cf*ch i 10040, 104ch | 104A0Dp | 108 Cpg ]
195 0 | 7613 023 7666 277 7943 |
- 05 B5e32 0-17 55°49 174 5725
1.0 = 25473 0-08 2581 054 26:35 |
2°5 0 66-26 0-98  67-2L 104 6365 |
05 . Ly-c2 O« 7k 50- 56 0:95 51-51 |
1:0 ; 2554 0-38 25:92 0-36 26+28
. |
50 O i 5379 3-70 57°L9 2:47 5996 |
05 | 42°93 233 L5°76 1-96 L7-72
10 ¢ 2499 150 2519 1.07 2656 |
' !
15 . 0 50765 0:12 50°77 1-88 52:65 |
05 . 31-87 0-05 3192 1+09 33°01 |
1:0 81k 0-01 615 0-17 832
2°5 0 120 2k 0-42 42+ 66 0-95 4361 |
0.5 ' 27°23 | 0:20 2743 0-57 28:00 |
1.0 §-03 0-03 811 0-12 823 |
5:0 0} 30:40 443 31483 152 33°35 |
0+5 = 20-72 - 063 2140 101 2741 |
10 7490 01k 80k 033 837 |
195 0 ¢ 3382 . 0105 3387 1027 351k |
0-5 = 19-92 0:02 1994 0:73 20°67 i
140 257 0 2:57 0-05 2:62 |
25 0 f 27°42 019 2761 06k 08:25
L 05 . 1636 0-06 1642 0-37 16-79 |
1-0 2256 0 2456 0-0L. 260 ;
50 0 . 1817 0-62 1879 0:95 19-7L
05 1 11.22 0-19 1141 0: 39 11-80
10 2:50  0-01 2:51 0-10 2:61
@ = 102
195 0 . 7110 0ol 713 i 1379 8513
0-5 . 5126 017 5143 1 931 6074 !
1+0 2365 0-00 23°73 3:48 27-21 |
2:5 0 63-03 - 103 6911 5097 75°08 |
0.5 50640 075 5115 397 55:08
1+0 24°95 . 0°37 25032 1-20 26-72 |
: : z
50 0 €194 26 6620 i 9°42 75°62 |
05 1 4380 322 52:10 1 725 5935
1-0 27- 8l 1062 2946 1 376 3322

i
3
t
i

Continwed/
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Table 4 (contd)

%/ 1040Fi 1@AQF. 1040Fz ﬂ%A%m C10ta,
0 3146 0:05  31-51 638 3789
05 18-52 0:02  18-54 3-69 2223
19 2+37 0 o237 035 2:72
0 28+ 68 020 - 28-88 . 261 31-49
05 ' 17-03 0:06  17-09 1+50 18-59
1:0 2°50 0 2+50 0-13 2:63
0 21+78 074  22°52 3072 262l
05 13+ 3L 0:23  13°57 2:25 15-82
i-0 2:78 0-01 2:79 0-38 3-17
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APPENDIX IT.*
Further comments in the 1light of recent experimental data on

the flow in the region of the leading edge and the possible errors
involved in the assumed pressure distribution there (Para. 2.3).

- e

1. Effects of Leading Edge-Thickness

It may be argucd that since leading edges must always have
some degree of bluntness it is unrcalistic to consider a case wherc
the effects of leading-edge bluntness on the surface pressure
distributions and hence on the skin friction distributions are assumed
to be negligibles

Certainly the experiments by Bogdonoff and Hammitt9’1o at Mach
numbers betwecen 11 and 15 have demonstrated that at these Mach numbers
a leading-edge thickness + for which the Reynolds number wst/v: is
much greatcr than about 100 may have a significant effect on the pressure
distribution as far downstream as 10,000 t. is effect has becen
isolatced in the later experiments by Hammitt' ' and it is clearly
dominated by the irviscid flow ficld induced by the separation bubbles
that form at the sharp corners of the blunt leading cdges testcd.
However, both analysis and experiment indicate that this effcct is
reduced in extent and possibly in inteonsity with rcduction in Mach
number. Thus, Bertram'2 and Kendalll3 find that at Mach numbers of
5e8s 6.8 and 9.6 leading-edge thicknesses of the order of 0,001 in.
(us t/v~0(50)) or less had no effcct on the pressure distributions
that they measured on platcs of some inches chord. Thelr foremost
pressure holes were about 100 leading-edge thicknesses downstream of
the leading edge. This implies that it is readily possible in practice
to achieve conditions where leading-edge effccts can be ignored at least
beyond such a distance from the leading edge for the Mach number range
considered in the present papere. Closer to the leading cdge the matter
requires further consideration and we shall return to it later. However
it can be contended that the case considered here, in which the leading-~
cdge bluntness is assumed to be sufficiently small not to affect the
main surfacc pressure distribution away from the ncighbourhood of the
leading edge, is a valuable basic refcrence case readily realiscd and
vorth considering in its own light.

This is not to deny that in many practical instances leading-
cdge thicknesses and shapes may be such that their effects are bound
to be important, but for such cascs leading-edge shape like section
thickness and incidence is a parameter that rcquircs scparate consideration.

2. Pressurc Changcs Induced by the Boundary Layer Away from the
Leading dge

The experimental investigations of Kendall13 and Bertram12 at
hypcrsonic Mach numbers have shown that where the leading-edge thickness
is sufficiently small for its effect on the local pressure distribution
to be negligible the pressurc increment on a flat plate is closcly given
by the linear rclation

Ap/po = Oubby ees(1)

4
where ¥ is the paramcter Mo°VCE/(Rox)Z, C being the constant in the
assumcd lincar viscosity-temperaturc rclation, and the chord length on
which Ro 1is based is takcn as unity. The range of values of over which
(1) holds is large, it is within about L/ of the experimental data for
O<x<4e 0,

T oo s s T A A e A T VD A et i AR S S B T i e S A 0 it S 0 At S AV Tt L O i S ey o SR T o g e U S s T R oA St S e S o R e M S et S e o G e G o A s P

*
Added August, 1959.
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The validity of this relation at supersonic as distinct from
hypersonic lMach numbers is open to investigation but we may note that
equation Ae5 of the Appendix of this paper can readily be transfcrmed
to the form

Yo X
AP/PO = Tmmmees _'r_l"_ ¢ "
MoBfo? VT
and if we take Mo = 5.0 and the insulated plate case this becones
Bp/po = Ouddiye

We can thereforc infer that the pressure distributions predicted for
x>0.04 are in good agreement with experiment.

3« Pressure Increments and Associated Skin Friction near the
Leading Edge

The extrapolation used in this paper of a constant pressure
gradient for x<0,04 was admittedly adopted mainly for its convenience
in helping to keep the heavy programme of computing down to a minimum,
With regard to the possible errors that may result the following points
and figures are worth notinge

There is at present no completely satisfactory theory wredicting
the flow conditions in the region of the leading edge. It is in this
region at least that thickness effects must become of some importance even
for leading edges of the thinnest practicable thickness, and if a leading
edge of zero thickness is oconsidered then slip flow effects must become
evident in its neighbourhood and the boundary-layer avrroximations become
suspect. Further the interaction of the boundary layer with the shock
wave associated with the leading edge or directly induced by the
displacecment effect of the boundary layer must effect the flow develovment
in the region of the leading edge. The direct effect of finite leading-
cdge thickness would presunmably be to cause the boundary layer to start
at a stagnation point on the forward face of thc leading edge, and the
infinite skin friction and rate of change of displacement thicknesg,of
classical boundary-layer theory would not occur there (see Hammitt'' ).
Slip flow effects would presumably also tend to reduce the {rictional
drag below that predicted by classical boundary-layer thcory. Any
strengthening of the leading-edge shock due to the boundary layer would
increase the drag, but the local reducticn in dynamic head would reduce
the skin friction, whilst the vorticity introduced by the shock in the
flow behind it might also be a factor of some significance14.

These considerations lead one to conclude that although it would
have been possible to have developed a more sophisticated approach to this
problem than that adopted in this paper the resulting complexity might not
have been justified by any obvious improvement in accuracy, particularly
bearing in mind the relatively low Mach numbers considercd and the overall
aims of the investigation. The fact that for first-stage calculations
classical boundary-layer theory with its leading-cdge singularity has been
found to work so well, at least for Mach numbers other than hypersonic,
is an indication of the reclative insensitivity of the boundary layer to
its past history. This supports the thesis that for the second stage
calculation any plausible assumption not clearly inconsistent with
available experimental data and which avoids the manifest absurdities
associatcd with that singularity is likely to lead to results of acccptable

accuracys/
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accuracy. In the light of these comments let us examine the probable
order of magnitude of the errors associated with the pressure distribution
assumed for these calculations. The ocasc considered in this paper that
would involve the greatest error from this point of view is that of the
flat pl%¥e at Mach number 5 and Reynolds number 10°, The experiments of
Hammitt'' on plates with blunt leading ecdges at a Mach number of 11,4
showed that the pressure coefficient due to the bluntness rose slightly
with distance downstream from the leading edge to a value of about 0.1

in a distance of some two leading-edge thickness and it then fell to zero
in about 1000 leading-sdge thicknesses. From equation (1) above a value
of Cp of Os1 would be induced by the boundary laycr at about 0,00080 aft

of thec leading edge for Mo = 5 and a Reynolds number of 1P+ If, on
the basis of Bertram's12 and Kendall's!? results, it is argued that the
effect of a small but finite leading edge would be evident for a distance
up to 100 leadingpegge thicknesses then this thiclness would have to be
less than about 10 °c for its effect to be negligible at 0.0008c. This
would imply a value of 1+, for example, less than 0.001 in. on a wing of
10 ft. chord. This suggests that if we take account of the possible
limitations of making fine leading cdges in practice it can be inferred
that the pressurc distribution at WMo = 5 and Ro = 10°  will be
such as to have a nearly constant value of Cp of 0.1 back to about

0.00085 and from then on it would fall according to equation (1). It
may be noted that in none of the experiments made to date, cxtending up
to Mach numbers of 15, have pressure coefficients greater than about
O+1 been measurcd. As already remarked, if we do not take such
considerations into account then in any case slip flow effects may be
expected to be significant within the first 0,001c with associated
departures from the predictions of normal boundary-layer thcorye

If, therefore, instead of the pressure distribution adopted
in the paper we adopt that suggested above then we find that 1t results
in the following increments in skin friction coefficient (ACF) and

pressure drag coefficient (ACD ) above the values guoted in the paper:-

p

! . P i
4 ; 1 :
. Flat plate, all transition : ) , :
. positions 5,0 1 10° 1 0.00008 -
; ‘ ‘ ! |
| Biconvex wing, t/c = 005, : ' ; !
i all transition positioms 5.0 | 1¢° 0.00005  0.0001
| 3 ' ! ‘
| Biconvex wing, t/c = Ou.1, f
| all transition positions 540 10° ' 0.0000%4 000015

For all the other Mach numbers and Reynolds numbers censidered
the differences in predicted skin friction coefficients are ncgligible.
The pressure drag coefficient increments vary as 1/V§b and as M
approximatecly.

The pressure distribution considered above is suggestcd as leading
to a plausible assessnent of the upper limit to the errors incurred by the
distribution assumed in the paper. A somewhat less plausible up?er limit
can be obtained by assuming that Lees! strong interaction theory 5 applies
over the first 0.001¢ after which equation (1) applics, This theory leads

tq/
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to an infinite pressure at the leading cdgc., On the basis of this
assumption thc estimated increments above those quoted in this paper
are e

- e e - . -~ - - —

I ,
: i
i

Ro AC L AC

! |

Y ’

Mo ! g | D !

i | \ P

-L»n - - i [P o — e} - j
| Flat plate, all tran51tlon i | i {
| positions © 5.0 | 10° 1 0,00016 | -
| i | : 1 ‘
| Biconvex wing, t/c = 0,05, ! | : ) :
. all transition positions 540 ; 10°  0,0001 ; 0.0001
| : , ’ ?
| Biconvex wing, t/c = 0.1, | ‘ i E
Poo10° 0,00008 & 040002

all transition positious 5,0

Again, for all the other Mach numbers and Reynolds numbers
considercd the corrcsponding skin friction increments above those quoted
in thc paper are nbgllvlble, whilst the inorements in pressure drag
coeffioients vary as Mo Ao, approximatcly. Thesc results support
the view that the assumptions of the paper regarding the pressure
distribution in the region of the leading cdge arc unlikely to lead to
errors of serious practical significance. TFurther support is afforded
by the following comparison with experimental resultse

Lo Comparison with Experimental Results

The only readily available exPerime?tal data for ¢omparison
are the results of the experiments of Bertram'< and Kendall 5. Since
these experiments were made at higher Mach numbers than those covered

in this paper, the results of the latter have been extrapolatcd by means
¢f equation 4,24 <f Appendix I. The experimental data are presented

on very small scale diagrams and relevant figures are difficult to

extract from the diagrams with adequate accuracy. In each case the

figures presented have been corrected for leading~cdge wave drag estimated

by the authors concerneds The comparison may bc summarised as followsi-

-.l - - - — —— = -

| ustlmated from thc rcsults of thls paper

I
1
|
]
i - - . 4 - - - - . R Rkl S .- e aww e e {
i i H
{
|
i
i

‘Reference' t/c! Mo Ro . C, i ACq L CFb |

1
H

D.. !

w | D) DD

| '
AC G
| 1 : ] i l‘ 1 C D c i
(mcauured)

i : ¢
‘ i

t
1.

o L l ) Tt ) I
Kendall iO z5 8 3 5X1CP O 0021 O 0003 O OOQq - L= 0. 0024 O 0024

[ S

‘Kbndall '0 5 8 1 8x1cﬂ 10,0089 ! o C057 o L6 - =
i : , H

Bertran 0,01 6 8 10° 50.002450.0003\0.0027 0,0003] = 0.0030 0,0029%

}
50.0146'0 oo |
i y

In addition Bertram12 made some measurements on a double wedge section of 5%
thickness-chord ratios, A comparison for this case is less reliable, however,
since the measured pressure drag coellicient was about 0,0012 whilst the
calculated inviscid wave drag coefficient was 00,0015, This indicates that
there was some separation induced over the rear of the wing by the trailing-
edge shock waves, Assuming this extended over the rear 20% of the wing an

cstimate/



-5 -

estimate of thc drag can be made as follows:-

For Ro = 10°, M, = 6.8, then bascd on earlicr calculations
for a double wedge section, 1%/c = 0,05, CFi = 00029,

Deduction for separation over rear 20% = =0,0001%,

Disrlacement thickness inecrement, ACF = 040004«

Measured pressure drag coefficient = 00012,

Final estimated value of Ch = 0.0043%,

Measured value = 040045,

It will bc seen that the results of the calculations of this
paper are in good accord with cxperiment, although the number of cases
compared are too few and the parameters involved too limited in range
{or the evidence to be regarded as conclusive, However, it can be
inferred that the results cof this paper do not appear to display any

consistent error arising from the assumptions made regarding the pressure
distribution in the region of the leading cdge. It would seem that for
the purpose sf predicting drag for performance needs the crrors involved
in this paper are likely to be within the order of current experimental
inacouracics,

Noeo

—pn

10

x

12

13

1L

15

Referenges

Authors Title, cte.

S. M. Bogdonoff and Fluid dynamic effccts at speeds from

A, G. Hammitd M = 11 to 15. J. Acros Sc. 23, 108
(1956).

As Go Hanodtt and Hypersonic studies of the leading edge
S. M. Bogdonoff effect on the flow over a flat plates
Je lmer. Rooket Soc. 26, 241 (1956).

A, G. Hammitt The hymersoric viscous effect on a flat
plates J. Fluid Mechs 5, Part 2. 242
(Feba 1959)

M. Bertram Boundary Layer displacement effects in
air at Mach numbers of 6.8 and 9.6.
NACA TN. No.4133 (1958).

J. M. Kendall An experimental investigation of leading
edge shock wave boundary layer interaction
at Mach 5.8+ J. Aero. Sc, 24, No.1, 47
(Jane 1957).

L. Lees Influence of the leading edge shock wave
on the laminar boundary layer at
hypersonic spccdss J. Acro. Sce 23,

Wo.6, 594 (Junc, 1956).

L. Lees Hypersonic Flow. Fifth International
Aeronautical Conference (Los Angeles,
Calif, June 1955)., Inst. Aero. Sci. Inc.,

241 (1955)






© Crown copyright 1959

Printed and published by
Her MaJESTY’S STATIONERY OFFICE

To be purchased from
York House, Kingsway, London w.c.2
423 Oxford Street, London w.1
13A Castle Street, Edinburgh 2
109 St Mary Street, Cardiff
39 King Street, Manchester 2
Tower Lane, Bristol 1
2 Edmund Street, Birmingham 3
80 Chichester Street, Belfast
or through any bookseller

Printed in England

C.P. No. 451

{20,572)
A.R.C. Technical Report

§.0. Code No. 23-9011~51

C.P. No. 451



